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Abstract. This paper presents accurate two-dimensional solutions for bending response of four types of single-
layer orthotropic rectangular plates. The plates considered are of the type having two opposite sides simply-
supported, and two other sides having combinations of simply-supported, clamped, and free-boundary conditions.
Analytical solutions for deflections and stresses of rectangular plates are developed by means of the simple (SFPT)
and mixed (MFPT) first-order shear deformable plate theories. The present MFPT not only shows improvement
on predicting frequencies, critical buckling loads, deflections and in-plane stresses, but also accounts for variable
transverse shear stress distributions through the thickness. This puts into evidence the important role played by
MFPT in the modeling of homogeneous plate theories, which in contrast to SFPT does not require the incorpora-
tion of a shear-correction factor. For illustrative purposes, sample free vibration, stability, and bending problems
for simply supported orthotropic plates are considered and comparisons of the obtained results are made with the
exact and higher-order shear deformation theory results given in the literature.
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1. Introduction

Classical plate theory has been widely used in static and dynamic analysis of relatively thin
plates, but it is not suitable for thick plates and laminates [1–3]. This theory, as some of the
theories for moderately thick plates, comprises the assumption that the transversal normal
stresses vanish identically. The relation between the longitudinal normal stresses and corre-
sponding relative deformations is derived from this assumption. In these theories the influence
of the transversal distribution of the loading is ignored; the load is reduced to the mid-plane
and the transversal deflection is constant for all points on a normal to the mid-plane.

The simple first-order transverse shear deformation plate theory (SFPT) [4–7] proposed
by Reissner [4, 5] and Mindlin [6] assumes that the in-plane displacements are linear and the
transverse deflection is constant through the thickness. It results in a fairly accurate global
response for isotropic materials when used with an appropriate shear-correction factor, even
though parabolic transverse shear strain distributions through the thickness are not described.
Yang et al. [8] extended the SFPT to laminated plates, followed by many variants of the
first-order theory. Reissner [9], Noor and Burton [10], and Reddy [11] have reviewed these
developments.

Many theories have been developed to overcome the deficiency of SFPT, namely con-
stant or uniform transverse shear strain distributions through the thickness. Whitney and
Sun [12] proposed a second-order theory, which allows linear variations of transverse shear
strains through the thickness. Various third-order theories that lead to parabolic distributions
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of transverse shear strains through the thickness have also been developed [13–16]. Reddy’s
third-order shear deformation plate theory [14, 15] allows for a quadratic distribution of trans-
verse shearing strain through the thickness of the plate by assuming a cubic expansion of the
in-plane displacements in the thickness coordinate. The form of the assumed displacement
functions is simplified by enforcing traction-free boundary conditions at the top and bottom
surfaces of the plate. No shear-correction factors are needed, because a correct representation
of the transverse shearing strain is given. The first- and third-order plate theories contain the
same number of dependent variables, but the one that is variationally consistent with Reddy’s
theory involves additional higher-order stress resultants and material stiffness coefficients
compared to the first-order theory.

It is possible to obtain closed-form solutions in a few exceptional cases of a 3D analysis of
plates and cylinders. The first solutions of this type were presented by Srinivas and Rao [17],
Pagano [18, 19], and Pagano and Hatfield [20]. Srinivas and Rao [17] have exactly investigated
the bending, vibration and buckling of simply supported thick orthotropic rectangular plates
and laminates based on a 3D-elasticity theory. A comparison of numerical results of Mindlin’s
plate theory and the classical plate theory has been given. Pagano [18, 19] has developed exact
solutions for laminated plates and compared them with the results for the classical laminated
plate theory. Pagano and Hatfield [20] have considered the response of multi-ply laminates
with a view toward examining the generality of previous conclusions regarding the range of
validity of the classical theory for laminated plates.

The first-order shear deformation theory is still the most attractive approach due to its
simplicity and low computational cost. It is well recognized that, while SFPT is adequate
for global structural behaviour (e.g. transverse deflections, fundamental vibration frequencies,
critical buckling loads, force and moment resultants), it is not adequate for accurate prediction
of local response parameters, such as the interlaminar stress distributions wherein the trans-
verse shear strains derived from the displacement field assumptions are evenly distributed or
uniform through the thickness.

In a very recent paper [21], a relationship between the simple and mixed first-order trans-
verse shear deformation theories is presented. Analytical solutions for natural frequencies
and buckling loads of anisotropic plates under various boundary conditions are developed.
The mixed first-order transverse shear-deformation plate theory (MFPT) is a modification
of the SFPT. It retains the basic displacement assumptions of Reissner-Mindlin’s traditional
SFPT (i.e. the in-plane displacements vary linearly and the transverse displacement is constant
through the thickness). In the MFPT, both the displacements and stresses must be considered
as arbitrary. For this reason a mixed variational formulation should be used [21–25]. The
MFPT is developed based on a mixed variational formulation which assumes continuous stress
distributions through the plate thickness. Also, the transverse shear stresses are consistent with
the surface conditions. So, the rationale for the shear-correction factor required for the SFPT
is obviated. In addition, the effect of transverse normal stress is taken into account.

In the present paper, the simple and mixed shear deformation theories are used to solve
the bending problem of single-layer orthotropic plates under various boundary conditions.
The plate edges y = 0, b are assumed to be simply-supported, while the remaining ones,
x = 0, a, have arbitrary combinations of edge conditions. Numerical results of deflections
and stresses of orthotropic flat plates are presented. Sample problems for natural frequencies
and critical buckling loads are also presented. As in the author’s previous paper [21], the
variational approach is applicable to SS, CC, CS and CF plates (where S is simply-supported,
C is clamped, and F is free). Comparisons with some of the available results (obtained for
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Figure 1. Geometry and coordinate system of rectangular plate (a × b).

simply-supported edge conditions) are undertaken and appropriate conclusions concerning
the various effects are formulated. The MFPT not only accounts for the correct through-the-
thickness transverse shear stress distributions, but also satisfies pointwise all the equilibrium
equations, constitutive relations and boundary conditions for the orthotropic plates.

2. Derivation of governing equations

Consider a rectangular plate of length a, width b and uniform thickness h. The mid-plane of
the plate will be taken as the xy plane, and the x and y axes are directed along the edges
(see Figure 1). The z-axis is taken perpendicular to the mid-plane and positive in a downward
direction. A normal traction f (x, y) is applied on the upper surface, while the lower surface
is traction-free. Also, the in-plane edge farces S1 and S2 are applied in the directions x and y,
respectively, and are considered positive in tension.

The strain-displacement relations for the first-order theory are given immediately as

εαij = εαij + zκα
ij , εαj3 = εαj3, εα33 = 0, (i, j = 1, 2), (2.1)

where

εα11 = ∂uα

∂x
, εα22 = ∂vα

∂y
, εα23 = ϕα + ∂wα

∂y
, εα13 = ψα + ∂wα

∂x
,

εα12 = ∂vα

∂x
+ ∂uα

∂y
, κα

11 = ∂ψα

∂x
, κα

22 = ∂ϕα

∂y
, κα

12 = ∂ϕα

∂x
+ ∂ψα

∂y
,

(2.2)

in which (uα, vα,wα) denote the displacements of a point (x, y) on the mid-plane, and ψα

and ϕα are the rotations of normals to mid-plane about the y and x axes, respectively. Note
that quantities with superscript ‘α = S’ refer to the SFPT, while quantities with ‘α = M’ refer
to the MFPT.

For SFPT the stress-strain relations of an orthotropic body are given by:
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in which cij are the reduced stiffnesses, see the monograph of Whitney [3, Chapter 1]. Note
that the transverse normal stress σ S

33 is dropped.
For MFPT, the final expressions for the stress components can be written in terms of their

resultants and the thickness coordinate z [21]:

σM
pq = NM

pq

h
+ 12MM

pq

h3
z, σM

p3 = 3QM
p3

2h

[
1 −

(
z

h/2

)2
]
,

σM
33 = f

4

[
1 − 2

(
z

h/2

)
− 5

(
z

h/2

)2
](

1 − z

h/2

)
, (p, q = 1, 2).

(2.4)

It should be noted that the transverse shear stresses σM
13 and σM

23 are functions of z and vanish
on the bounding planes (z = ±h/2). In addition, the transverse normal stress σM

33 satisfies the
following conditions:

σM
33

∣∣
z=−h/2 = −f, σM

33

∣∣
z=+h/2 = 0,

∫ +h/2

−h/2
σM

33 dz = 0,
∫ +h/2

−h/2
zσM

33 dz = 0. (2.5)

The stress resultants for SFPT and MFPT are given by:

{
Nα

pq,M
α
pq

} =
∫ +h/2

−h/2
σα
pq {1, z} dz,

Qα
p3 =

∫ +h/2

−h/2
Kα

pσ
α
p3 dz, (p, q = 1, 2),

(2.6)

where KS
p(K

S
1 = KS

2 = k) are shear factors appearing in Reissner-Mindlin’s traditional
SFPT used to correct for the errors stemming from (2.3) that σ S

13 and σ S
23 are constants over

the thickness of the plate (i.e., are not functions of z). Note that there is no need for shear
correction factors to MFPT (i.e., KM

p = 1).

2.1. EQUATION OF MOTION

The simple and mixed variational formulations based upon Hamilton’s principle are given,
respectively, by (see, e.g., [21–24]):

0 =
∫ t2

t1

[∫∫∫
V

(
ρüS

i δu
S
i + δUS

)
dv + δ)S

]
dt, (2.7)

0 =
∫ t2

t1

[∫∫∫
V

(
ρüM

i δu
M
i + δ(σM

ij ε
M
ij − RM)

)
dv + δ)M

]
dt, (2.8)

where (t1, t2) is a time interval; ρ is the density of the undeformed body; US is the strain-
energy density,

US = 1

2
[c11(ε

S
11)

2 + c22(ε
S
22)

2 + c44(ε
S
23)

2 + c55(ε
S
13)

2 + c66(ε
S
12)

2] + c12ε
S
11ε

S
22, (2.9)

and RM is the complementary energy density,

RM = 1
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which aij are the strain coefficients (compliances). The potential energy )α(α = S,M) of the
applied loads can be defined as a function of the displacement field uα

i and the applied loads
as follows:

)S = −
∫∫∫

V

Biu
S
i dv −

∫∫
Sσ

F iu
S
i ds, (2.11)

)M = −
∫∫∫

V

Biu
M
i dv −

∫∫
Sσ

F iu
M
i ds −

∫∫
Su

njσM
ij (u

M
i ) ds, (2.12)

where nj are the components of the unit vector along the outward normal to the total surface
Sσ + Su; Bi are the body forces measured per unit volume of the undeformed body; F i are
the prescribed components of the stress vector, per unit area of the surface Sσ and uM

i are the
prescribed components of the displacements of the remaining surface Su. In the absence of
body forces and the prescribed displacements, we have for the first variation of )α,

δ)α =
∫∫

Sσ

(
S1

∂wα

∂x

∂

∂x
+ S2

∂wα

∂y

∂

∂y
− f

)
δwα ds. (2.13)

The next step in deriving the governing equations consists of the substitution of Equa-
tions (2.1), (2.3), (2.4), (2.9), (2.10), and (2.13) in the variational formulations (2.7) and (2.8).
The extremum conditions give the following dynamic equations:

∂Nα
11

∂x
+ ∂Nα

12

∂y
= ρhüα,

∂Nα
12

∂x
+ ∂Nα

22

∂y
= ρhv̈α,

∂Qα
13

∂x
+ ∂Qα

23

∂y
+ f + ∂

∂x

(
S1

∂wα

∂x

)
+ ∂

∂y

(
S2

∂wα

∂y

)
= ρhẅα,

∂Mα
11

∂x
+ ∂Mα

12

∂y
− Qα

13 = ρ
h3

12
ψ̈α,

∂Mα
12

∂x
+ ∂Mα

22

∂y
− Qα

23 = ρ
h3

12
ϕ̈α.

(2.14)

2.2. BOUNDARY CONDITIONS

The form of the geometric and force boundary conditions is also given below:

Geometric (essential) Force (natural)

uα Nα
11nx + Nα

12ny

vα Nα
12nx + Nα

22ny

wα

(
Qα

13 + S1
∂wα

∂x

)
nx +

(
Qα

23 + S2
∂wα

∂y

)
ny

ψα Mα
11nx + Mα

12ny

ϕα Mα
12nx + Mα

22ny

In which (nx, ny) denote the direction cosines of a unit normal to the boundary of the mid-
plane.

2.3. CONSTITUTIVE EQUATIONS

For the SFPT, the stress resultants are related to the strains by Equation (2.3), while for the
MFPT they will be derived from the extremum condition of the mixed variational formulation
(2.8). In general, the constitutive equations are given by:
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Nα
11 = Aα

11ε
α
11 + Aα

12ε
α
22, Nα

22 = Aα
12ε

α
11 + Aα

22ε
α
22,

Mα
11 = Dα

11κ
α
11 + Dα

12κ
α
22, Mα

22 = Dα
12κ

α
11 + Dα

22κ
α
22,

Nα
12 = Aα

66ε
α
12,M

α
12 = Dα

66κ
α
12,Q

α
23 = Aα

44ε
α
23,Q

α
13 = Aα

55ε
α
13,

(2.15)

where[
AM

11 AM
12

AM
12 AM

22

]
= h

[
a11 a12

a12 a22

]−1

, AM
rr = 5h

6arr
, AM

66 = h

a66
, (2.16)

AS
rr = hkcrr, AS

pq = hcpq, Dα
pq = h2

12
Aα

pq, (r = 4, 5;p, q = 1, 2, 6).

For an orthotropic body the elastic constants cij and compliances aij may be expressed in
terms of the engineering orthotropic characteristics (Young’s moduli Ei , shear moduli Gij and
Poisson’s ratios vij ) as:

c11 = E1

1 − v12v21
, c12 = E2v12

1 − v12v21
= E1v21

1 − v12v21
, c22 = E2

1 − v12v21
, c44 = G23 = 1

a44
,

c55 = G13 = 1

a55
, c66 = G12 = 1

a66
, a11 = 1

E1
, a12 = −v12

E1
= −v21

E2
, a22 = 1

E2
.

(2.17)

3. Solutions procedure

The simple and mixed variational formulations will be extended here in order to analyze the
free vibration, buckling, and bending problems of rectangular plates. The SFPT and MFPT
will be established in this section by suppressing the in-plane displacement degree of freedom.
Further, we will assume, as shown in Figure 1, that two opposite edges of the plate at y = 0
and b are invariably simply-supported (i.e., wα = ψα = Mα

22 = 0). At the other two edges of
the plate, x = 0 and a, we can have a combination of the following cases:

S (Simply-supported edge):

wα = ϕα = Mα
11 = 0, (3.1)

C (Clamped edge):

wα = ψα = ϕα = 0, (3.2)

F (Free edge):

Mα
11 = Mα

12 = Qα
13 + S1

∂wα

∂x
= 0. (3.3)

The following representation for the displacement quantities (deleting stretching effects)
is appropriate in the analysis of all problems:


wα

ψα

ϕα


 =

N∑
n=1




Wα
n sin µny

5α
n sin µny

6α
n cos µny


 eiωt , (3.4)



A state of stress and displacement of elastic plates 7

where ω denotes the eigenfrequency and µn = nπ/b. The above solution satisfies the simply-
supported boundary condition at y = 0 and y = b. Similarly, the load f is represented
as

f (x, y) =
N∑

n=1

Fn(x) sin µny. (3.5)

For various distributions of f (x, y) and various boundary conditions, the coefficients Fn

are given by

Fn = 4f0

nπ
, n = 1, 3, 5, . . . , N, (3.6)

where f0 represents the intensity of the load at the center of the plate.
In the general case in which Fn is an arbitrary function of x, the particular solution is

determined by expanding the solution (3.4) in a Fourier series


Wα
n

5α
n

6α
n


 =

N∑
m=1




Wα
mnX(λmx)

5α
mnX

′(λmx)

6α
mnX(λmx)


 , (3.7)

where Wα
mn,5

α
mn and 6α

mn are arbitrary parameters. The function X(λmx) can be constructed
for any combination of boundary conditions at the edges x = 0, a. The forms of X(λmx) and
the corresponding values of λm for SS, CC, CS, and CF plates are defined in the Appendix,
see also [21].

For a SS boundary condition, the uniformly distributed load is expressed in terms of a
Fourier series (Navier’s solution). With a total of N terms in both the x and the y directions
the uniformly distributed load f (x, y) is expressed directly as

f (x, y) =
N∑

m=1

N∑
n=1

Fmn sin
mπx

a
sin

nπy

b
, (3.8)

in which the coefficients Fmn are defined as follows:

Fmn = 16f0

mnπ2

{
1 if m,n = 1, 3, 5, . . . , N,

0 otherwise.
(3.9)

For a sinusoidally distributed load, we have m = n = 1 and F11 = f0.
Once again, substitution of Equations (2.1), (2.3), (2.4), (2.9), (2.10), and (2.13) considered

in conjunction with (3.4) and (3.5) in the variational formulations (2.7) and (2.8) yields a
system of algebraic equations expressed in a compact form according to the three problems
as:

Free vibration problem (S1 = S2 = f = 0):([L] − ω2[R]) {=} = {0}. (3.10)

Static buckling problem (ω → 0 in Equation (3.4), S1 = −β, S2 = −γβ, f = 0):

([L] − β[S]) {=} = {0}. (3.11)
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Bending problem (ω → 0 in Equation (3.4), S1 = S2 = 0):

[L]{=} = {F }. (3.12)

For all problems {=} denotes the column

{=}T = {Wα
mn,5

α
mn,6

α
mn}, (3.13)

and for bending problem {F } denotes the column

{F }T = {−Fmnξ0, 0, 0}, (3.14)

where ξ0 for a SS boundary condition is given by

ξ0 =
∫ a

0
sin2 mπx

a
dx = a

2
, (3.15)

while for other boundary conditions it is given by

ξ0 =
∫ a

0
X(λmx) dx. (3.16)

The elements of the symmetric matrices [L], [R] and [S] are expressed as:

L11 = λ2
mA

α
55ξ2 + µ2

nA
α
44ξ1, L12 = λmA

α
55ξ2,

L13 = µnA
α
44ξ1, L22 = λ2

mD
α
11ξ3 + µ2

nD
α
66ξ2 + Aα

55ξ2,

L23 = λmµn(D
α
66ξ2 − Dα

12ξ4), L33 = λ2
mD

α
66ξ2 + µ2

nD
α
22ξ1 + Aα

44ξ1;
(3.17)

R11 = ρhξ1, R22 = ρ
h3

12
ξ2, R33 = ρ

h3

12
ξ1, R12 = R13 = R23 = 0; (3.18)

S11 = λ2
mξ2 + γµ2

nξ1, S12 = S13 = S22 = S23 = S33 = 0, (3.19)

where

ξ1 =
∫ a

0
[X(λmx)]2 dx, ξ2 =

∫ a

0
[X′(λmx)]2 dx,

ξ3 =
∫ a

0
[X′′(λmx)]2 dx, ξ4 =

∫ a

0
X(λmx)X

′′(λmx) dx, (3.20)

in which ( )′ denotes differentiation with respect to x(≡ λmx). Note that the functions X(λmx)

are normalized and then the outcomes of the integrals given in (3.20) are independent of m.
For non-trivial solutions of Equations (3.10) and (3.11), the following determinants should

be zero,∣∣[L] − ω2[R]∣∣ = 0,
∣∣[L] − β[S]∣∣ = 0. (3.21)

The above equations yield the eigenfrequencies ω and critical buckling loads β. For bending
problem, one needs to solve the 3 × 3 matrix equation (3.12) for the vector of amplitudes of
the generalized displacements.

4. Discussion of the results

In order to put into evidence the influence of shear deformations and orthotropic material
characteristics, we shall consider several numerical applications. These will be done for the
case of the orthotropic material:
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E1 = 20·83 Msi, E2 = 10·94 Msi, E3 = 10·00 Msi, v12 = v13 = 0·44,

G12 = 6·10 Msi, G13 = 3·71 Msi, G23 = 6·19 Msi, v32 = 0·23. (4.1)

The numerical applications are done, unless otherwise stated, by use of MFPT for homo-
geneous flat plates with various boundary conditions. The designation SS, CC, CS, and CF

refer to the edge conditions associated to x = 0, a, only. The edges y = 0, b are invariably
assumed to be simply-supported. The following normalization is used in the comparison of all
the numerical results (z = z/h):

ω = ωh

√
ρ

c11
, β = βa2

h3E1
, w = −wα

(
a

2
,
b

2
,

)
c11

hf0
,

σ 11 = −σα
11

(
a

2
,
b

2
, z

)
1

f0
, σ 22 = −σα

22

(
a

2
,
b

2
, z

)
1

f0
,

σ 12 = σα
12(0, 0, z)

1

f0
, σ 23 = −σα

23

(a
2
, 0, z

) 1

f0
, σ 13 = −σα

13

(
0,

b

2
, z

)
1

f0
.

(4.2)

To demonstrate the accuracy of the MFPT, comparisons between the data computed here
and those in [14–17] have been made in Tables 1–8 and Figures 2–4. Results in [17] are based
on the exact three-dimensional elasticity solutions of Srinivas and Rao for simply-supported
rectangular plates. The results obtained in [15] as per the higher-order shear deformation
theory (HSDT) developed by Reddy and in [16] as per the theory referred to as DT developed
by Librescu et al., are used to assess the improvement in the prediction of natural frequencies
and critical buckling loads. The deflections and stresses for a single-layer orthotropic plate are
obtained here according to the equations listed in [14] as per HSDT developed by Reddy.

As seen in Tables 1 and 2, the present results obtained by means of MFPT are found to
be in good agreement with their counterparts available in the field literature, obtained for SS
edge conditions. Note that the MFPT does not require additional higher-order stress resultants
and material stiffness coefficients as used in the HSDT and DT. For SFPT solutions, one needs
a value of the shear correction factor k. Two commonly used values of the factor are 5/6 from
Reissner’s work [5] and π2/12 from Mindlin’s work [6]. The results of SFPT based on these
two and other shear-correction factor values are also included in Tables 1 and 2. They are
in good agreement with the results of other investigators. SFPT could provide more reliable
results in the case of k = 5/6 and π2/12. In fact, MFPT yields identical frequencies and
critical buckling loads with SFPT in which framework the transverse shear correction factor
k(= 5/6) is to be incorporated.

A comparison with the deflections and stresses of Reddy [14] is presented in Table 3. It is
considered that the plate is made by a single orthotropic layer and subjected to a sinusoidal
distributed load. It can be seen that there is excellent agreement between the MFPT results
and the results of HSDT. The first four significant digits coincide for the center-point deflec-
tion. The first three significant digits coincide for the transverse shear stresses. Only minor
deviation in the in-plane stresses is observed.

The results of our calculations for different N-term series are presented in Table 4 along
with the data from Srinivas and Rao [17] and the obtained results from Reddy [14]. It is to be
concluded that, accounting for round-off accuracy, the present MFPT provides more accurate
results with the exact solution when N = 25. It is also seen that the present deflections are
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Table 1. Natural frequencies ω of SS orthotropic square plates.

m n Exacta HSDTb DTc MFPTd SFPTd

k = 1 = 3
4 k = π2

12 k = 5
6

1 1 0·0474 0·0474 0·0474 0·0474 0·0477 0·0472 0·0474 0·0474

1 2 0·1033 0·1033 0·1032 0·1032 0·1042 0·1025 0·1031 0·1032

2 1 0·1188 0·1189 0·1187 0·1187 0·1207 0·1174 0·1185 0·1187

2 2 0·1694 0·1695 0·1692 0·1691 0·1724 0·1670 0·1688 0·1691

1 3 0·1888 0·1888 0·1884 0·1883 0·1910 0·1865 0·1880 0·1883

3 1 0·2180 0·2184 0·2177 0·2175 0·2240 0·2135 0·2170 0·2175

2 3 0·2475 0·2477 0·2469 0·2465 0·2522 0·2429 0·2461 0·2465

3 2 0·2624 0·2629 0·2619 0·2614 0·2695 0·2564 0·2608 0·2614

1 4 0·2969 0·2969 0·2958 0·2949 0·3010 0·2911 0·2945 0·2949

4 1 0·3319 0·3330 0·3310 0·3299 0·3436 0·3217 0·3289 0·3290

3 3 0·3320 0·3326 0·3310 0·3297 0·3406 0·3230 0·3289 0·3297

2 4 0·3476 0·3479 0·3462 0·3446 0·3540 0·3387 0·3438 0·3446

4 2 0·3670 0·3720 0·3695 0·3677 0·3831 0·3584 0·3665 0·3677

aResults obtained in [17] using the 3D-elasticity theory.
bResults reported in [15] using HSDT.
cResults reported in [16] using DT.
dResults obtained in this paper.

Table 2. Non-dimensional critical buckling loads β of SS orthotropic square plates.

γ a/h HSDTa DTb MFPTc SFPTc

k = 1 k = 3
4 k = π2

12 k = 5
6

0·0 2 0·9581 0·9435 0·9436 1·0561 0·8815 0·9358 0·9436

5 2·0999 2·0978 2·0984 2·1871 2·0433 2·0917 2·0984

10 2·5706 2·5704 2·5712 2·6041 2·5497 2·5686 2·5712

20 2·7258 2·7258 2·7267 2·7359 2·7206 2·7260 2·7267

50 2·7729 2·7729 2·7729 2·7754 2·7728 2·7737 2·7729

0·5 2 0·6388 0·6290 0·6291 0·7041 0·5877 0·6238 0·6291

5 1·3999 1·3986 1·3989 1·4581 1·3622 1·3944 1·3989

10 1·7137 1·7136 1·7141 1·7361 1·6998 1·7124 1·7141

20 1·8172 1·8172 1·8178 1·8239 1·8137 1·8173 1·8178

50 1·8486 1·8486 1·8492 1·8502 1·8485 1·8491 1·8492

1·0 2 0·4791 0·4718 0·4781 0·5280 0·4407 0·4678 0·4781

5 1·0500 1·0489 1·0492 1·0936 1·0216 1·0458 1·0492

10 1·2853 1·2852 1·2856 1·3021 1·2749 1·2843 1·2856

20 1·3629 1·3629 1·3633 1·3680 1·3603 1·3630 1·3633

50 1·3864 1·3864 1·3869 1·3877 1·3864 1·3869 1·3869

aResults reported in [15] using HSDT.
bResults reported in [16] using DT.
cResults obtained in this paper.
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Table 3. Non-dimensional deflections and stresses of SS orthotropic plates under sinusoidal load.

a/b h/a w σ11(z = 0·5) σ22(z = 0·5)
HSPTa MFPTb HSPT MFPT HSPT MFPT

0·5 0·05 14198·7 14198·7 182·590 182·050 62·7165 62·5639

0·10 931·165 931·212 45·9116 45·3726 15·8891 15·7366

0·14 256·919 256·967 23·5978 23·0599 8·2423 8·0899

1·0 0·05 6618·35 6618·38 98·5339 98·1367 60·9192 60·7528

0·10 438·631 438·665 24·6735 24·2783 15·5374 15·3711

0·14 122·441 122·475 12·6193 12·2264 8·1232 7·9571

2·0 0·05 1320·27 1320·29 30·2167 29·9910 37·0668 36·8838

0·10 90·9455 90·9656 7·5275 7·3051 9·5493 9·3665

0·14 26·4377 26·4574 3·8333 3·6147 5·0462 4·8637

aResults obtained in [14] using HSDT.
bResults obtained in this paper using MFPT.

Table 3. (continued).

a/b h/a σ 23(z = 0·0) σ 13(z = 0·0) σ12(z = 0·5)
HSPT MFPT HSPT MFPT HSPT MFPT

0·5 0·05 3·0139 3·0144 8·0404 8·0421 45·3295 45·4800

0·10 1·5191 1·5201 4·0113 4·0146 11·3352 11·4860

0·14 1·0958 1·0973 2·8572 2·8618 5·7832 5·9343

1·0 0·05 4·0398 4·0406 5·5072 5·5087 41·9359 42·1407

0·10 2·0358 2·0375 2·7342 2·7371 10·3673 10·5716

0·14 1·4681 1·4705 1·9359 1·9399 5·2128 5·4166

2·0 0·05 3·5399 3·5413 2·4654 2·4667 16·2291 16·4111

0·10 1·7831 1·7859 1·2004 1·2029 3·8265 4·0054

0·14 1·2841 1·2880 0·8311 0·8344 1·8115 1·9868

very close to the corresponding ones of HSDT developed by Reddy [14]. In addition, Figure 2
shows the plots of nondimensional stresses vs. side-to-thickness ratio for a square plate under
uniformly distributed load (with 25-term series). The variations of all stresses calculated in the
present analysis and in Reddy [14] have been compared. The in-plane stresses are calculated
at z = 0·5, while the transverse shear stresses are calculated at z = 0. It can be seen that there
is an excellent agreement between the results for all side-to-thickness ratios.

The next example provides a comparison of MFPT with the SFPT solutions based on vari-
ous shear-correction factors for plates subjected to uniformly distributed loading with 25-term
series. In Tables 5–8, as mentioned before, MFPT yields identical deflections and in-plane
stresses with SFPT in which framework the transverse shear correction factor k(= 5/6) is to
be incorporated. It yields very close transverse shear stresses with SFPT in which framework
the transverse shear correction factor k(= 2/3) is to be incorporated.
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Figure 2. Nondimensional stresses vs. side-to-thickness ratio (a/h) for a square plate subjected to uniform
distributed load.

Table 4. Non-dimensional deflections of SS orthotropic plates under uniform load.

a/b h/a Exacta HSPTb MFPTc

Nd = 9 N = 19 N = 25 N = 45 N = 9 N = 19 N = 25 N = 45

0·5 0·05 21542 21543·3 21539·1 21539·4 21539·3 21543·4 21539·1 21539·4 21539·3
0·10 1408·5 1409·0 1408·6 1408·7 1408·7 1409·1 1408·7 1408·7 1408·7
0·14 387·23 387·58 387·43 387·45 387·45 387·63 387·48 387·50 387·50

1·0 0·05 10443 10444·3 10443·6 10443·7 10443·7 10444·3 10443·7 10443·7 10443·7
0·10 688·57 689·41 689·31 689·33 689·32 689·45 689·35 689·36 689·36

0·14 191·07 191·59 191·54 191·55 191·55 191·62 191·58 191·58 191·58

2·0 0·05 2048·7 2050·9 2050·5 2050·6 2050·6 2050·9 2050·9 2050·6 2050·6
0·10 139·08 139·82 139·76 139·77 139·77 139·84 139·78 139·79 139·78

0·14 39·79 40·22 40·19 40·20 40·20 40·24 40·21 40·21 40·21

aResults obtained in [17] using the 3D-elasticity theory.
bResults obtained in [14] using HSDT.
cResults obtained in this paper using MFPT.
dN × N-term series.

In Figures 3 and 4 the through-the-thickness variations of in-plane normal stress σ ∗
11[=

σ11(z)/σ11(0·5)] and the transverse shear stress σ ∗
13[= σ13(z)/σ13(0)] calculated in the present

analysis and in Srinivas and Rao [17] are compared. There is an excellent agreement between
the results due to the exact elasticity solution and the present solutions of MFPT and SFPT
(with any shear correction factor k). Unlike in the traditional SFPT, the distribution of trans-
verse shear stress σ ∗

13 due to MFPT is not uniform through-the-thickness, instead it takes the
same form as in the exact elasticity solution.
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Table 5. Comparison of the center deflections w of SS orthotropic flat plates.

a/b h/a Exacta MFPTb SFPTb

k = 1 k = 2
3 k = 3

4 k = π2

12 k = 5
6

0·5 0·05 21542 21539·4 21483·8 21622·8 21576·5 21543·8 21539·4
0·10 1408·5 1408·7 1394·83 1429·54 1417·97 1409·82 1408·7
0·14 387·23 387·50 380·43 398·11 392·22 388·06 387·50

1·0 0·05 10443 10443·7 10411·1 10492·7 10465·5 10446·3 10443·7
0·10 688·57 689·36 681·24 701·53 694·77 690·00 689·36

0·14 191·07 191·58 187·46 197·75 194·33 191·91 191·58

2·0 0·05 2048·7 2050·6 2040·2 2066·2 2057·5 2051·4 2050·6
0·10 139·08 139·79 137·21 143·63 141·50 139·99 139·79

0·14 39·79 40·21 38·92 42·15 41·07 40·32 40·21

aResults obtained in [17] using the 3D-elasticity theory.
bResults obtained in this paper.

Table 6. Comparison of the in-plane normal stress σ 11(z = 0·5) of SS orthotropic flat plates.

a/b h/a Exacta MFPTb SFPTb

k = 1 k = 2
3 k = 3

4 k = π2

12 k = 5
6

0·5 0·05 262·67 262·10 262·13 262·06 262·08 262·099 262·10

0·10 65·975 65·396 65·425 65·353 65·377 65·394 65·396

0·14 33·862 33·281 33·310 33·238 33·262 33·279 33·281

1·0 0·05 144·31 143·90 143·98 143·78 143·84 143·890 143·90

0·10 36·021 35·619 35·697 35·502 35·567 35·613 35·619

0·14 18·346 17·947 18·023 17·833 17·896 17·941 17·974

2·0 0·05 40·657 40·511 40·566 40·428 40·474 40·5064 40·511

0·10 10·025 9·8895 9·9408 9·8142 9·8557 9·8854 9·8895

0·14 5·0364 4·9035 4·9503 4·8362 4·8732 4·8998 4·9035

aResults obtained in [17] using the 3D-elasticity theory.
bResults obtained in this paper.

Now, we restrict our attention to the bending problem of a single-layer orthotropic plate
under a uniformly distributed loading with a 25-term series. The obtained results concern the
values of the nondimensional deflections and stresses displayed in Table 9 using MFPT for
various edge conditions while the Figures 5–8 depict the variation of the same quantities vs.
the geometrical parameters of the plate. Note that the following normalizations are used in
Table 9 and Figures 5–10:
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Table 7. Comparison of the in-plane normal stress σ 22(z = 0·5) of SS orthotropic flat plates.

a/b h/a Exacta MFPTb SFPTb

k = 1 k = 2
3 k = 3

4 k = π2

12 k = 5
6

0·5 0·05 79·545 79·238 79·219 79·266 79·250 79·240 79·238

0·10 20·204 19·893 19·874 19·921 19·905 19·894 19·893

0·14 10·515 10·204 10·185 10·232 10·216 10·206 10·204

1·0 0·05 87·080 86·837 86·781 86·922 86·875 86·842 86·837

0·10 22·210 21·962 21·906 22·045 21·999 21·966 21·962

0·14 11·615 11·366 11·312 11·447 11·402 11·370 11·366

2·0 0·05 54·279 54·106 54·063 54·169 54·134 54·109 54·106

0·10 13·888 13·711 13·672 13·769 13·737 13·714 13·711

0·14 7·2794 7·1048 7·0687 7·1566 7·1281 7·1076 7·1048

aResults obtained in [17] using the 3D-elasticity theory.
bResults obtained in this paper.

Table 8. Comparison of the transverse shear stress σ13(z = 0·0) of SS orthotropic flat plates.

a/b h/a Exacta MFPTb SFPTb

k = 1 k = 2
3 k = 3

4 k = π2

12 k = 5
6

0·5 0·05 14·048 14·104 9·4031 14·103 12·537 11·432 11·283

0·10 6·9266 7·0481 4·6992 7·0470 9·2645 5·7129 5·6385

0·14 4·8782 5·0315 3·3549 5·0300 4·4718 4·0783 4·0252

1·0 0·05 10·873 10·955 7·3049 10·953 9·7370 8·8800 8·7643

0·10 5·3411 5·4608 3·6430 5·4552 4·8515 4·4261 4·3687

0·14 3·7313 3·8849 2·5935 3·8767 3·4500 3·1486 3·1079

2·0 0·05 6·2434 6·2560 4·1742 6·2482 5·5578 5·0706 5·0048

0·10 2·9570 3·0801 2·0605 3·0640 2·7315 2·4959 2·4640

0·14 1·9887 2·1568 1·4475 2·1360 1·9088 1·7474 1·7255

aResults obtained in [17] using the 3D-elasticity theory.
bResults obtained in this paper.

Figures 5 and 6 reveal that the variation of ŵ is very sensitive to the variations of a/h and
a/b parameters and this depending on the considered boundary conditions. In this sense the
CF instance shows the highest sensitivity in the context of the considered edge conditions for
square and moderately thick rectangular plates.

In Figure 7, the obtained results of σ̂13 for a SS square plate using MFPT and SFPT with
various shear-correction factors are compared. The SFPT gives an identical value with MFPT
only at z = 0 and when the shearing-correction factor is assumed to be 2/3. Figure 8 reveals
also the sensitivity of σ̂23 through the thickness of the square plate for various edge conditions.

Finally, Figures 9 and 10 display the variation of ŵ and σ̂23 vs. the assumed values of
shear-correction factor k for various edge conditions. They reveal that the results of MFPT
are independent of the shear-correction factor, while the results predicted by SFPT strongly
depend on the proper selection of the transverse shear-correction factor and that in this depen-
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Figure 3. Comparison of the distribution of in-plane normal stress (σ ∗
11) through-the-thickness of a SS square

plate (h/a = 0·14).

Figure 4. Comparison of the distribution of transverse shear stress (σ ∗
13) through-the-thickness of a SS square

plate (h/a = 0·14).

dence also the character of boundary conditions is involved. Increasing k results in a decrease
of the nondimensional center deflection (ŵ). However, for the transverse shear stress (σ̂23),
the effect of the shear-correction factor is more significant.

The SFPT deflections with shear correction factor of 5/6 are very close of the MFPT values
for all four types of plate configurations (see Figure 9). Most interestingly, it is noted from
Figures 7 and 10 that, in all the cases, the SFPT shear stresses with shear correction factor of
2/3 match most closely with the MFPT values (see also Table 8).
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Figure 5. Nondimensional center deflection (ŵ) vs. side-to-thickness ratio (a/h) for a square plate.

Figure 6. Nondimensional center deflection (ŵ) vs. aspect ratio (a/b) for a rectangular plate (a/h = 10).

5. Conclusions

The simple and mixed variational formulations are used to develop both the analytical and
numerical solutions for the state of stress of anisotropic elastic plates based on Reissner-
Mindlin’s thick-plate theory. The plate is considered as a single layer of orthotropic material
and subjected to a distributed transverse load as well as in-plane edge forces. Numerical results
are presented for natural frequencies, critical loads, deflections, and stresses of rectangular
plates exhibiting various edge conditions. Comparisons are made to show that the results
obtained using the present theories are in close agreement with the available exact and higher-
order shear deformation theory solutions in the literature. The results of MFPT and SFPT
themselves are compared to show the effect of the shear correction factors. Both MFPT and
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Figure 7. Variation of the transverse shear stress (σ̂13) through-the-thickness of a SS square plate using MFPT
and SFPT with various shear correction factors (a/h = 10).

Figure 8. Variation of the transverse shear stress (σ̂23) through-the-thickness of a square plate (a/h = 10).

SFPT (with a proper shear-correction factor) allow one to treat the global structural behaviour
of homogeneous plates for a variety of boundary conditions. In general, SFPT predicts de-
flections and in-plane stresses that are significantly different from those of MFPT, even if the
transverse shear-correction factor (for SFPT) is assumed to be 5/6. This is more obvious when
the transverse shear stresses obtained by use of the SFPT and MFPT are compared in which
the appropriate shear-correction factor value for SFPT is assumed to be 2/3. So, the validity of
the MFPT is demonstrated by applying it to solve vibration, buckling and bending problems of
elastic plates for which exact results are available. The use of a mixed variational formulation
enables the MFPT to account for variable distributions of transverse shear stresses, which
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Table 9. Nondimenisional deflections and stresses of an orthotropic rectangu-
lar flat plate (a/h = 10).

a/b BC ŵ σ̂11 σ̂22 σ̂13 σ̂23 σ̂12

0·5 SS 1·4087 6·5396 1·9893 7·0481 4·5816 2·4766

CC 0·3935 2·5548 0·6239 – 2·7117 –

CS 0·6775 3·6332 0·9855 – 3·2539 –

CF 3·0402 −4·5107 0·4372 – 3·3886 –

1·0 SS 0·6894 3·5619 2·1962 5·4608 4·4067 1·9466

CC 0·3232 2·2684 1·0888 – 2·9135 –

CS 0·4489 2·6420 1·4574 – 3·3981 –

CF 0·7724 −0·4944 1·5459 – 2·8956 –

2·0 SS 0·1398 0·9889 1·3710 3·0801 3·2746 0·7899

CC 0·1148 1·0211 1·1612 – 2·9709 –

CS 0·1209 0·9345 1·1970 – 2·9634 –

CF 0·0875 0·2159 0·7771 – 1·8188 –

Figure 9. Effect of transverse shear correction factor (k) of SFPT on the nondimensional center deflection (ŵ) for
a square plate (a/h = 10).

Reissner-Mindlin’s traditional SFPT fails to do. Since a parabolic distribution for the shear
stress is assumed, the MFPT does not require the use of any shear-correction factor used in
other first-order theories. Also, it does not require additional stress resultants and material
stiffness coefficients used in other higher-order theories.
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Figure 10. Effect of transverse shear correction factor (k) of SFPT on the transverse shear stress (σ̂23) for a square
plate (a/h = 10).

Appendix

The forms of the function X(λmx) are given by:

BC X(λmx) ηm

SS sin λmx –

CC sin λmx − sh λmx − ηm(cos λmx − ch λmx) (shλm − sin λm)/(chλm − cos λm)

CS sin λmx − sh λmx − ηm(cos λmx − chλmx) (shλm + sin λm)/(chλm + cos λm)

CF sin λmx − sh λmx − ηm(cos λmx − ch λmx) shλm + sin λm)/(chλm + cos λm)

The values of λm(= λma) corresponding to the function X(λmx) for various boundary condi-
tions are given by:

m

BC 1 2 3 4 ≥5

SS 3·142 6·283 9·425 12·566 mπ

CC 4·730 7·853 10·996 14·137 (m + 0·50)π

CS 3·927 7·069 10·210 13·352 (m + 0·25)π

CF 1·875 4·694 7·855 10·996 (m − 0·50)π
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